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Thus the minimal perimeter occurs when z = +/Sp, i.e. it is a square. < [
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8.2 Related Rates = ¢4J%..

Given rate of change of one quantity A, find the rate of change of another quantity B which
is related to A. This is an application of implicit differentiation.

Example 8.2.1. A 26-foot ladder is placed against a wall. If the top of the ladder is sliding
down the wall at 2 feet per second, at what rate is the bottom of the ladder moving away
from the wall when the bottom of the ladder is'10 feet away from the wall?

Solution. At any time t, let ’ =
z(t) = the distance of the bottom of the ladder from the wall I—éx s

(S=>— 2
y(t) = the distance of the top of the ladder from the ground
— —N—

x and y are related by the Pythagorean relationship: a i

— 22(t) + 2 (t) = 262 (8.3)
N

Differentiating the above equation implicitly with respect to ¢, we obtain 20

d di
p + 2y =

=0
dt dt
=7

d d
The rates d—f and d—‘z are related by equation (8.4). This is a related-rates problem.

By assumption,

(8.4)

i —2 (y is decreasing at a constant rate of 2 feet per second).

When z(t) = 10, y(t) = V262 — 102 = 24 feet.

So,
dx ydy —2(24)(-2)
7 T 2010) 8 feet per second

The bottom of the ladder is moving away from the wall at a rate of 4.8 feet per
second. [ |
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Exercise 8.2.1. Again, a 26-foot ladder is placed against a wall. If the bottom of the ladder
is moving away from the wall at 3 feet per second, at what rate is the top moving down

when the top of the ladder is 24 feet above ground? o . — d 9
e At

A Y=2£ v 2
Procedure to Solve Related Rates Problems ')Z"" i: ;é
[
1. Assign variables: independent (usually t), dependent (usually z,y, . ..) 9 =2
= (0

2. Find the relation between variables z, y, . . .

3. Take implicit differentiation about ¢, solve the unkonw rate of change using the known
rate of change. ﬂ - — 2
77 A

Example 8.2.2. Suppose that liquid is to be cleared of sediment by allowing it to drain

through a conical filter that is 16 cm high and has a raditis of 4 cm at the top. Suppose also

that the liquid is forced out of the cone 4t a constant rate of 2 cm?3/ min)What is the rate of
change of the depth of liquid when the liquid is 8 cm deep? "
NS V\/—i\/‘ C(/D 55 (-%
4=&

4 cm

A

fied 41 . -_—

16 cm

A

Funnel to
hold filter

«<

Solution. Let

time elapsed from the initial observation (min)
volume of liquid in the cone at time ¢ (cm?)
depth of the liquid in the cone at time ¢ (cm)
radius of the liquid surface at time ¢ (cm)

3 e < e
Il

From the formula for the volume of a cone, the volume V/, the radius r, and the depth y
are related by P

S ST AR N I
V—37rry >3 T M (8.5)

We are studying the related rate of V' and ?’ so we eliminate 7 using similar triangle
properties.
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Substituting this expression in (8.5) gives
_ T3
— 18Y /
Differentiating both sides with respect to\t/;v,;;tgin At 2
AV oy
dv—ﬂ(32dy> dT T mm—ru/_sf
a1\ a WF & wfr i
or 2
dy_aoav 1o 2 = L1k gm)
dt  wy? dt  my? 2 4€ )
d \
which expresses - in terms of . dv _ 2. L.'d — 2
dt T T 2@

The rate at which the depth is changing when the depth is 8 cm can be obtained from

(8.6) with y = 8:

dy 32 .
Y- —~016
dt|,_g m(82) 21 cm/min

~

So, the depth is decreasing with rate —% cm/min at that moment.
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Chapter 9: Indefinite Integrals

Learning Objectives:

(1) Compute indefinite integrals.

(2) Use the method of substitution to find indefinite integrals.

(3) Use integration by parts to find integrals and solve applied problems.
(4) Explore the antiderivatives of rational functions.

9.1 Antiderivatives

Definition 9.1.1. A function F(x) is called an antiderivative of f(z) if

F'(z) = f(x)
. . 2~/ z.
for every x in the domain of f(z). Crx ) =27
/ > ’ L
3V — = X <) = Xt&
Example 9.1.1. (—L> (109 FO)= 3 +&x T o
s '—} J U s dun onhdervaliVe
1 N | 1 ok £09
L. F(x) 2333/4-%-\@ an antiderivative of f(z) = 2?+5, since F'(z) = (323 +5z+2)' =
x2 +5. ———— M}
b tua bW hes
2.( €” 1s an antiderivative of e”, since (e”)’ = e”. 4 $un al anbdM ™ + C

m €
j=€ F=& > F=f IS

Theorem 9.1.1 (Fundamental Property of Antiderivatives). If F'(x) is an antiderivative of
x), then all antiderivative of f(x) can be written as
Y 7 RS

’
F(z)+ C, C'isan arbitrary constant. CF\- C> = ‘{l’

Proof. 1. For any constant C, A
(F(z) +C) = F'(z) = f(x),

so, F'(z) + C is an antiderivative of f(z).

9-1
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y cuebves 4 {od / )7
T, G e Lol anbd W, ?lg{c(é' ~> ‘F«‘Cr‘t""
2. For any antiderivative G(x) with G'(z) = f(x), (F /6[>/ =9
(G(z) = F(z)) = f(z) — f(z) =0, -G ¥ crr St ne
then, G(x) — F(x) = C for some constant C. Ye  funckon

~ G Fre_

Thus, the general antiderivative of f(z) is F'(z) + C, C € R.

Definition 9.1.2. The indefinite integral of f(z) is the collection of all antiderivatives of
f(z), denoted by e A~ a

Jiww <= [ ~x

where / is the integral symbol, f(x) is the integrand, and dx identifies x as the variable of

integration.

The process of finding all antiderivatives is called indefinite integration.

Remark. It is useful to remember that if you have performed an indefinite integration
calculation that leads you to believe that [ f(x)dx = G(x) + C, then you can check your

calculation by differentiating G(z):

If G'(x) = f(z), then the integration /f(a:) dx = G(z) + C is correct, but if G'(x) is

anything other than f(z), you’ve made a mistake.

F@) =fz) = /GWMx<mwig

AT

The fact that indefinite integration and differentiation are reverse operations, except for
the addition of the constant of integration, can be expressed symbolically as

i[/ﬂ@wlzﬂ@

/F’(a:)dx:F(J:)+C.

and
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9.2 Basic integration formulas

The relationship between differentiation and antidifferentiation enables us to establish the
following integration rules by “reversing” analogous differentiation rules.

Theorem 9.2.1. Pﬁ/fl—w’ﬁﬂ/i Caladas N

bl K.
(kY=o fororge™

k de = kx+C for constant k. ™ -

[ w

C«m) =m "‘ (‘7:’-1>5 7

/ac dx foralln # —1 v~ / n

B o
aa!

dx—ln]x\+C’ forall x # 0. (,OMV‘)"
I
e“dx =¢e+C, ! % 01)( _’(
* (") =(La)a (m}“

atder = 1a*+C a>0,a# 1.

Ina

Theorem 9.2.2.
1. /kf_(_x) dr = k/f(x) dz, (constant multiple rule)

2. /(f(x) +g(zx))dr = | f(x)dx £+ /g(x) dx, (sum/difference rule)

O N

Caution: Both sides of the equality involve constant C.

Example 9.2.1.

1.
/3:137dx:3/ Tdx
8
T
=3 §+C
2.
/dm—/ /2 gy
_ 21/2
1/2 +C
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/(2565 +8xf 329 % 5)dx =2 '/:U5«lx+8 /3:3d9373 /m2dx+ /5d:1: (No need to add C)
o J = J

CUG 1’4 §E3
= (6) +8 <4> -3 (3) + 524+C (Add one C)

:§x6—|—2x4 3+ 5z 4 C
4,
3420 —7 7
/<$+$ >dx:/(x2+2—>dx
T C x
1 3
=3% +2z—T7ln|z|+ C.
5.

/(Set +Vt)dt = /(Bet +t1/2)dt

_ t L3/2
—3(e)+3/2t +C

2
= 3¢t + §t3/2 +C.

Exercise 9.2.1.

2
2 J—
a:+3a;

3
2

Nt

+ +z+C

/(x+\/5)(x+1)d
\/5

N | =

.%'—gl'
5

Line
Example 9.2.2. Find the function f(z) whose tangenYhas slope 423 4 5 for each value of x
and whose graph passes through the point (1, 10).

Solution. The slope of the tangent at each point (z, f(z)) is the derivative f’(x). Thus,
fl(x) =42®+5
and so f(z) is the antiderivative
/f’(:z:)dx: /(4x3+5)dac =zt + 5z 4 C.

To find C, use the fact that the graph of f passes through (1, 10). That is, substitute x = 1
and f(1) = 10 into the equation for f(x) and solve for C to get

10=0*+51)+C or C=4.

Thus, the desired function is f(z) = x* + 5z + 4. [ |
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9.3 Integration by Substitution

Motivation
Let f(x) = (22 + 3z — 5)'°. We can compute f'(z) using the Chain Rule. It is:
f'(z) = 10(z* 4+ 3z — 5)" - (22 + 3) = (202 + 30)(z* + 3z — 5)°.
}U‘l) =
. —

/(20x +30) (2 + 3z — 5) dx = (2* + 3z — 5)1° 4+ C.

Conversely, we have

How would we obtain this indefinite integral without starting with f(x)?

Let w = 22 + 3z — 5. Thus

% =2r+3, or du=(2z+3)dx.
Therefore,
/(2090—1—30)(:1:2—1-335—) :/10295—1-3 (2® + 32 —5)% da
q = [ 10(z* + 32 — 5)° (22 + 3) dx
I ~ \Du du

ﬁU") \)?“C :/10u9 du

7
%L\D & = ulO +C (replace u with 22 + 3z —5)
= (2> +3z -5 +C

juy = w¥¢

(o
= (1?—&2,1‘3') + C

More generally, we have a.

Theorem 9.3.1 (Integration by Substitution).

/ u=g(z)
flg(x r)dr =— f(u)du
/<g<>>g<>{ [

Key idea: Make a guess u = g(z), realize the integrand as a product of f(u) and u/(z).

Example 9.3.1.
/(2:1: + 1)z,

4 N

9-5

(2"

/

Jg o

"
?Uﬂ) +C

Aa =2dx

Taw =
c e
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Solution. Letu = g(v) = 2z + 1, f(u) = u?°*. Then du = 2dx.

1 .
2019 2 2019 |
/(23}4—1) d:U—Q/(QaH—l) 2 dx
fo@) 9@

1
— 5 /U2019 du

u2020

=~ 3x2020 ¢

- (2$+ 1)2020 +C
- 4040 '

Remark: usually, it is more convenient to write:

1 1 1
/(2$ +1)299y = /u20192du (? =2=dr = §du)
T
42019
~ 92020 ¢
(2$ + 1)2020

= w0 ¢

@ |

>
/ u;’:——;’({“

7
E le 9.3.2. Evaluat L |dz.
xample 9 Vauae/_gﬂjle x

Solution. Let u = —3x + 1, then Z—u = -3, dx =
x

/ 7 /7du
——dx = | — —
-3z +1 u —3
_ T [du
3 U

:_?71n|u]+c

7
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Example 9.3.3. Evaluate / xvx+ 3 dx.

Solution. Letuw = x + 3, then z = u — 3, dx = du, so,

/a:\/mda?:/(u—?))u%du
— [ (w? - 3ut) du

2 -
:gug—Qu%—i—C

5

Exercise 9.3.1.

2
1. /\/3x+1dx:9(3x+1)3+0

1 1
2./ dx = —In|ax + b| + C, where a # 0.
ar +b a

L (z -1+

1
_qyo2 b
(@ =1+ 101

3. /x(x — )10y =
102

Example 9.3.4. Evaluate / 2T gy

Solution. Let u = g(x) = 2 + 5, hencedu = 2z dx
1
du=2zdx = idu =xdz.

We can now substitute.

= g(:1:—1—3)5 —2(:1:4—3)% +C.

9-7
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1
— ieu +C  (now replace v with 2 + 5)

— 36124’5 + C‘

Remark: Sometimes, we even do not need to introduce the new variable u, just keep in mind
which part should be regarded as u = g(z).

1
/a:ez%“r’ dr = / §ex2+5 d(z* +5) (Regard u = z* +5)
1
— 5€x2+5 + C
|
Example 9.3.5. Evaluate / 3\t T Tyl
Solution.
1
/x3\/ zt + Vdx = / 1V o4 +1d(z* +1) (Regard u =zt +1)
1
|
Example 9.3.6. Evaluate / — dz
ranx
Solution.
/1d —/1d(1 )(Regard u — Inz)
dinz) =" ) mz gardu =
1
= / — du
u
=Infu|+C
=In|lnz|+ C.
Remark: To avoid mistakes, we can take the derivative to verify our answer. [ |

Exercise 9.3.2.
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1
1. /1136x4 do =~ + C.

4
2. /6xx/x2+3dx:2(x2+3)g+0.

2
3. /em\/c* Fide = g(ez +1)% +C.
1

4. /(23: —1)(2? —2)!%dz = ﬁ(xz —x)l% 4 C

9.4 Integration by Parts

Motivation

Let u(z) and v(z) be differentiable functions. By the product rule, we have

= a0
de " TV T
or
dv_d o d
dr  dz " Vdz
Integrating both sides with respect to z,
dv d du
ud—xdm = /dx(uv)dx—/vdxdaz
= w — /vdu dx
N dx
which is J d
v U
/udxd:n—uv—/vdxdx
or

/udv:uv—/vdu

Key Idea: Write the integrand as product of u(x) and v'(z), then integrate by parts.

Example 9.4.1. Compute / xe® dx.





